
Midterm 1 Review

25 October 2018

1. Use Mathematical Induction to prove that

(a) For any integer n Ø 1, if 0 Æ a < b, then an < bn.

(b) For any integer n Ø 2,
3

1 ≠ 1
2

4 3
1 ≠ 1

3

4
· · ·

3
1 ≠ 1

n

4
= 1

n
.

(c) For any integer n Ø 2,
3

1 ≠ 1
22

4 3
1 ≠ 1

32

4
· · ·

3
1 ≠ 1

n2

4
= n + 1

2n
.

1

Baseline : If  n=I
,

then Of  acb ⇒ debt
.

Done .

Ihductvestp : Let  O Saab .

Assume that  a
"  Cb "

.

 Then

anti  
=  an .  a

C
'ExpoLents)

< an . b ( acts )

< b ? b Carb
" )

= b
" ' deEphron)

Therefore ,
The statement holds for all n ?  I

.

BaseCase_ If  n - 2
,

then ( I - I ) -

- I .

 Done .

Inductwestgp If ( I - I ) .  . - ( I - f) = th ,

then ( I - I ) . .  - LI - E) ( I - ⇒ = I ( I - Iti)
-

- tan - ha)
-

- a' ⇒
=

I
htt .

Therefore ,  by induction
,

the statement holds for all na  2

Baisease For  n
-

- 2
,

( I - ID = ¥ .
Done .

Indentureship If ( I - ⇒ .
.  . ( I - ⇒ = nth ,

then

( I - Ez ) - - - a - ⇒ Ci - ¥2 ) -

-
Ent ft - ¥2 )

= Continent )

=

I

=  h2_2#
2h  ( htt )

=  It
Intl )

Therefore ,
the equation

holds for all n > 2 .



2. Evaluate the following limits or indicate if they do not exist.

(a) lim
xæ1

x

x + 1

(b) lim
xæ0

x(1 + x)
2x2

(c) lim
xæ1

x4 ≠ 1
x ≠ 1

(d) lim
xæ9

x ≠ 3Ô
x ≠ 3

(e) lim
xæ0

x

3
1 ≠ 1

x

4
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×¥ is  a  
rational function - Before,

it  is  continuous everywhere
it  is

defined.

Hence ,

±, ¥ -

- i -
-Eg

= figg
1¥

. Plug in  x - o
, get I

.

Therefore,
limit doesnet exist .

Cx-DCx3tx2t
= him x - I

×  →  I

= Ling
,

63-1×4×+1 )

=D

. Plug in x -

- 9
, get I

. Therefore,
this

limit does not  exist .

-
-

= fins ( x - I )

= O - I

=D



(f) lim
xæ≠4

3 2x

x + 4 + 8
x + 4

4

3. Using the ‘ ≠ ” definition of limits, prove that

(a) lim
xæ1

(x2 ≠ 5x + 2) = ≠2

(b) lim
xæ≠1

(x2 + 2x) = ≠1

4. Given that
lim
xæc

f(x) = 2 lim
xæc

g(x) = ≠1 lim
xæc

h(x) = 0

evaluate the limits that exist. If the limit does not exist, state why.

(a) lim
xæc

[f(x) ≠ g(x)]

(b) lim
xæc

[f(x)]2
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-

. ¥:C YEI)
= Ian 24¥

X→ - f
Xt A

= Iim 2

x→ - A

=D

Let  ESO
,

Pick 8 -

- min { I
,

#
}

.

If 04×-11<8 ,
then

147-5×+27 - C-  2) I  =  1×2-5×+71
A

-
- Ix - It Ix - At \
< as Ix - H

I

=  816 -D  -1  ( I - HI

E  S ( Ix - It -13 )

¥¥nmfe, by definition a
limits ,

EE
.

If
CK -

5×+4=-2 .

Let  Go .

 Pick  F-  min { I
,

E- }
.

 If  04 x - told
,

then

"  " " "  "

÷÷÷÷÷÷ In:÷÷÷÷i.

thefae , by the definition of hints ,

¥7 ,44-2×7=-1 .

=(¥a fan ) - ( tinged)
= 2 - L - I )

-

-

③= Gis fast

= (272

=tD



(c) lim
xæc

f(x)
g(x)

(d) lim
xæc

h(x)
f(x)

(e) lim
xæc

f(x)
h(x)

(f) lim
xæc

1
f(x) ≠ g(x)

5. Determine whether or not the function is continuous at the indicated point. Explain
why.

(a) f(x) = x3 ≠ 5x + 1 at x = 2
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.÷÷*o
.

=¥÷÷F÷. E=D

÷7*±o

.

±¥÷÷t¥
.

. E -

- D

nonzero
←

= tf = Zo
.

DNE .

¥2 had

~¥I¥¥⇒*
.

=

.
-

¥y ( fad -

g
Cx ) )

÷Him
.

HA ) - Ctia

= =

Polynomials are
continuous everywhere .

③



(b) f(x) =

Y
___]

___[

x2 + 4, x < 2

5, x = 2

x3, x > 2

at x = 2

(c) f(x) =

Y
]

[

x2≠1
x+1 , x ”= ≠1

≠2, x = ≠1
at x = ≠1

(d) f(x) =

Y
___]

___[

≠x2, x < 0

0, x = 0

1/x2, x > 0

at x = 0

6. Evaluate the limits or indicate if they do not exist.

(a) lim
xæ0

sin(4x)
sin(2x)
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1) f is defined at 2
.

Is fan =¥z ,

=p , ,
} ⇒

II. * ⇒ exists am equals on
.

2) fishy .

fad =¥z
( Rtt ) .

 - 8

3) ¥yfCx) = 8 I fed = S →

¥ContmuousDf  is  defined at  x
-

-

- I
.

⇒ I.m.
,

fan - ¥7 ,
IIT

¥7 ,

"  

= fig,

Cx- I )

= - 2

3) fine
,

text .

⇐
FED

→
Thereon , fatisIIT.ms

1) f =  O is defined

27×1%+767 =  ¥no+ IT does  not  exist  ⇒ f  not  continuous  at  x=O .

sin Ctx) x

= I im six
.

I
x -70

sin Ctx)
= km I

° s¥zx)

x  →  o

-

- ten
.

sick .

. E

= I . I .  2

=D



(b) lim
xæ0

sin(x2

x

(c) lim
xæ0

sin(1 + x)
1 ≠ x

(d) lim
xæ0

2x

tan(3x)

(e) lim
xæ0

cos(x) ≠ 1
2x

(f) lim
xæ0

1 ≠ cos(4x)
3x

(g) lim
xæ≠1

cos(x + 1) ≠ 1
2(x + 1)
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)
-

- tis.

5M¥ . I

¥:
s :* .  x

= I .  O

=D

= sM =  sink )

by plugging
in

.

= Info sing .cos Gx )

=

Lingo
3¥ ,

. } .  cos Gx )

= I .
 Z . I

IET

=
- I ¥.no

to

= - I .  O

=  ⑥

= Lino
t9¥ . F

=  O . Hz

=D

cos

G)
- I

ILinoTy=D by Ces .

↳aginiiiiiiiy- so
.



(h) lim
xæ0

cos(2x)
cos(x)

7. Use the Squeeze/Pinching Theorem to calculate

lim
xæ0

x sin2(1/x).

8. Use the Squeeze/Pinching Theorem to calculate

lim
xæfi

3
(x ≠ fi) cos2

3 1
x ≠ fi

44
.

9. Use the Intermediate Value Theorem to show that there is a solution of the given equation
in the indicated interval.

(a) 2x3 ≠ 4x2 + 5x ≠ 4 = 0; [1, 2]

Page 7

=

Info cos cosa
-

=

cos  co )
= I

.

¥58 cos Cx)

We  have  
- I  E  sin  (E)  E  I

So Of sink tx)  E  I
,

We  multiply by  
x

.
 This gives  2  cases .

1)  If  XZO ,  then

OE  x  sin Ex =  Kl (FinfishII ha)

2)  If  ×  so ,  then

03  x  sniff) >  x. =
- 1×1 ( Tiff.es

xD

Thus
,  we  have

-1×1  E  x  sin
'  ( t) E  1×1

for  all  x
.

Then  1%(-1×1)=11%1×1--0
 so

by the squeeze
 Theorem , fief X  sin = O

.

We  have  -1  E  cos ( ¥  E  I

So  OE  cost ( ¥ )  El
.

Multiplying by
C x - te )

,  we  have  2  cases
:

1) If X -1270 ,  then

OE  Cx - a)  cos
'  ( ¥ ) E  ( x - R )  =  I x- RI

2)  If  x-p  SO
,  then

03  C x - R )  cos
' ( ⇒  3  ( x - te )  =

- / x -RI

Thus
,  

- Ix - Tel E  ( x - te )  cos
'  ( ¥ )  E  Ix - Tel

.

Since  ¥2 ( - Ix - tel ) -

- time
Ix - tel  =  o

, by
the Squeeze

Theorem ,

Iz
(xtdcoszxn) -

-
o

.

Let fcx) -

- 2×3 - txt Sx - t .

Then f  is continuous everywhere,
so

f-

is  continuous  on
[ 1,27 .

We
have

f- CD =  2 - At 5 - t  =
- I

=  16 - 16  t  IO - A  =  6

the NT
,

there is  some  c

f- (2) =  218 ) - FLA) -1512 ) - A

since O  is between 
-1 and 6

, by

such that fed = O  and c lies  in ( I ,
2)

.



(b) sin(x) + 2 cos(x) ≠ x2 = 0; [0, fi/2]

(c) x3 =
Ô

x + 2; [1, 2]

(d) 2 tan(x) ≠ x = 1; [0, fi/4]
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Let f- G) =  SMG ) t Zcoscx ) - X ? Then f  continuous everywhere ,
in

particular on Co
,

The ]
.

We have

f- ( o) = Ot 2 - 02  
= 2

is  some  a  such that FG) - O
.

(by
the NT )

.

f- CRE) -

- I to -
CET 

= I - TE so
.

Since 0 lies between 2 and I -1¥ ,
there

Let fad =  x3 - Txt  
.

Then
fad  is  continuous on C-  2

,
A) so  it

is  continuous on A ,
27

.

 Then

f- ( D=  13 - Tiz  =  I - B L  O

f- (2) =  23 - izz  
=  8 - A  = A  70

By the IVT
,

there is  some  e  in
[ 1,23 such that

fcc )  =  O

Is - It  =  O

8=5+2

Let f G) = Ztancx ) - x .

This  is  continuous whenever at all points cos G) to
,

since
tanks = %f .

In particular,
it  is continuous on COITUS .

Then
,

f- Co) =  Ztanco ) - O  = O

HEI -

-
2tan⇐I - ¥

= 2 . I -

I
A

= 2 - tea > I since ¥2 I

-
 If >  - I

2-  Rq >  2- I =  I
.

Therefore,
there is some  c  in [ 0,77 such that FG) = I

.

2 tan (c) - c  = I
.


